Published by Institute of Physics Publishing for SISSA/ISAS Received: March 5, 2003 Accepted: April 4, 2003

Modified mode-expansion on a BPS wall related to the nonlinear realization

Yutaka Sakamura

Department of Physics, Tohoku University Sendai 980-8578, Japan E-mail: sakamura@tuhep.phys.tohoku.ac.jp

Abstract: We propose a modified mode-expansion of the bulk fields in a BPS domain wall background to obtain the effective theory on the wall. The broken SUSY is nonlinearly realized on each mode defined by our mode-expansion. Our work clarifies a relation between two different approaches to derive the effective theory on a BPS wall, i.e. the nonlinear realization approach and the mode-expansion approach. We also discuss a further modification that respects the Lorentz and U(1)_R symmetries broken by the wall.

Keywords: Solitons Monopoles and Instantons, Supersymmetric Effective Theories, Superspaces.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep042003008 /jhep042003008 .pdf

Contents

1. Introduction 1

2. Review of the nonlinear realization approach 2

3. Mode-expansion approach 5

4. Modified mode-expansion 7 4.1 Nambu-Goldstone mode 7 4.2 Matter action 9

5. Broken Lorentz and U(1)_R symmetries 10

6. Summary and discussion 13

A. Notations 14 A.1 Covariant derivatives 15 A.2 Action of the generators on the fields 16

B. Bosonic part of S_{NG} 16

C. Transformation of φ^i under the broken symmetries 17

D. In the case of G = G_{max} 17 D.1 Super-Poincaré algebra 18 D.2 Standard nonlinear transformations 18 D.3 Inverse Higgs effect 19

1. Introduction

In supersymmetric (SUSY) theories, there are important states called BPS states [1]. They preserve part of the supersymmetry of the theory and play a crucial role in quantum field theories. One of the simplest example of BPS states is a BPS domain wall. In particular, BPS domain walls in four-dimensional (4D) N = 1 SUSY theories have been thoroughly investigated in a number of papers because such theories are tractable and have various types of BPS walls with interesting features [2]–[6].

Besides that BPS domain walls are an intriguing subject to research in their own rights, they are also important in the brane-world scenario [7]–[9] because they can provide a natural realization of 5D N = 1 SUSY (eight supercharges) to 4D N = 1 SUSY (four supercharges), which is relevant to the phenomenology. Of course, since our world is fourdimensional, we should discuss a domain wall in 5D theories for the realistic model-building.

– 1 –

However, 5D SUSY theory is quite restrictive and difficult to handle. So it is useful and instructive to study BPS walls in 4D N = 1 theories as a toy model. In this paper, we will concentrate ourselves on BPS walls in the 4D N = 1 generalized Wess-Zumino model for simplicity. To discuss the physics in the BPS-wall background, it is useful to investigate a low-energy effective theory on the wall. Since a BPS wall preserves a half of the bulk SUSY, such an effective theory can be expressed by 3D superfields. There are mainly two approaches to derive the effective theory described by 3D superfields.

The first one is the nonlinear realization approach [10, 11]. From the 3D viewpoint, SUSY breaking by a BPS wall can be regarded as the partial SUSY breaking from 3D N = 2 to N = 1. Thus, we can obtain the effective theory on the wall by constructing an invariant action under the broken SUSY, which is realized nonlinearly. This approach is useful for the discussion of the general properties of BPS supermembranes since this method uses only information on the breaking pattern of the symmetries. This also means, however, that we cannot determine parameters of the effective theory in this approach.

The second one is the mode-expansion approach [12]. In this approach, the 3D effective theory is directly derived from the original 4D theory. Specifically, we expand the fluctuation fields around the wall-background into an infinite number of 3D superfields, and integrating out the heavy modes. In this approach, we can see explicitly how the 3D superfields in the effective theory are embedded into the original 4D superfields. Unlike the previous approach, parameters of the effective theory are obtained as the overlap integrals of the background field configuration and the mode functions. However, this approach does not respect the symmetries broken by the wall.

These two approaches are complementary to each other. So it is useful and instructive to clarify the relation between them. This is the purpose of this paper. Specifically, we will propose the modification of the naive mode-expansion of the bulk superfields so that the broken SUSY is nonlinearly realized on each mode. Using our modified mode-expansion, we can obtain an invariant effective action under the broken SUSY, and can also calculate parameters of the effective theory. In the latter part of this paper, we try to modify the mode-expansion further so that it also respects the Lorentz and U(1)_R symmetries broken by the wall.

The paper is organized as follows. In the next section, we will provide a brief review of the nonlinear realization approach. In section 3, we will review our previous work [12] where a naive mode-expansion is discussed. Then, in section 4, we will modify it so that the broken SUSY is nonlinearly realized on each mode. In section 5, we will discuss the further modification of the mode-expansion which also respects the broken Lorentz and U(1)_R symmetries. Section 6 is devoted to the summary and the discussion. Notations and some formulae are listed in the appendices.

2. Review of the nonlinear realization approach

In this section, we will briefly review the nonlinear realization approach to construct an effective action for the supermembrane [10]. Throughout this paper, we will assume that the background space-time is flat and has a 4D N = 1 supersymmetry.

– 2 –

From the 3D viewpoint, the 4D N = 1 SUSY algebra is a central extended N = 2 SUSY algebra.

{Q_{1α}, Q_{1β} } = {Q_{2α}, Q_{2β}} = 2(γ^m_{(3)}σ^2)_{αβ} P_m , {Q_{1α}, Q_{2β} } = −{Q_{2α}, Q_{1β} } = 2i(σ^2)_{αβ}P_2 , (2.1)

where m = 0, 1, 3 denotes the 3D space-time index, and α, β denote the 3D Majorana spinor indices.^1

The existence of the BPS membrane breaks the bulk symmetry G = {P_m, P_2, Q_{1α}, Q_{2α}} to the vacuum stability subgroup H = {P_m, Q_{2α}}. Then, a coset element Ω can be parameterized as Ω = e^{ixmPm+θ2Q2} e^{iκρ0P2+κζ0Q1} . (2.2) Here ρ_0 = ρ_0(x^m, θ_2) and ζ_{0α} = ζ_{0α}(x^m, θ_2) are scalar and spinor superfields corresponding to the Nambu-Goldstone (NG) modes for P_2 and Q_{1α} respectively, and κ is a constant^2 whose mass-dimension is −3/2.

The transformation laws of each superfield for the broken symmetries can be read off as follows by multiplying Ω by corresponding group elements from the left.

δ^{P2}_a ρ_0 = a , δ^{P2}_a ζ_{0α} = δ^{P2}_a ϕ = 0 , (2.3) δ^{Q1}_{ξ1} ρ_0 = −2κ^{−1}ξ_1θ_2 − iκξ_1γ^m_{(3)}ζ_0∂_mρ_0 , δ^{Q1}_{ξ1} ζ_{0α} = κ^{−1}ξ_{1α} − iκξ_1γ^m_{(3)}ζ_0∂_mζ_{0α} ,

δ^{Q1}_{ξ1} ϕ = −iκξ_1γ^m_{(3)}ζ_0∂_mϕ , (2.4)

where a and ξ_{1α} are transformation parameters, and ϕ denotes a matter superfield. Indeed, the above transformations satisfy the SUSY algebra (2.1). In this paper, we will call the above transformation laws for the broken symmetries the standard non-linear transformations.

Note that the NG superfields ρ_0 and ζ_0 introduced by eq. (2.2) are not independent of each other, because the NG modes for P_2 and Q_1 form a supermultiplet for the unbroken Q_2-SUSY. The relation between them can be obtained by setting a covariant constraint (inverse Higgs effect [13]), D_{2α}ρ_0 = 0 , (2.5)

where D_{2α} is a covariant spinor derivative in the presence of the NG superfields, and its explicit form is listed in eq. (A.9) in appendix A.1. From this constraint, we can express ζ_{0α} in terms of ρ_0. ζ_{0α} = − 1 2 D_{2α}ρ_0 + O(κ^2) . (2.6)

Namely, the essential NG superfield is ρ_0(x^m, θ_2) only.

1In this paper, we will choose the x2-direction to be perpendicular to the membrane or the domain wall. 2The mass scale f ≡ κ^{−2/3} corresponds to the scale where P2 and Q1 are broken, and f^3 = κ^{−2} is a tension of the membrane.

– 3 –

By using ρ_0, we can construct a 3D N = 2 invariant action perturbatively for κ by the standard procedure of the nonlinear realization [11].

For an invariant action for the NG modes S_{NG}, there is an alternative method to derive the effective action for all orders in κ [10, 14]. We will explain this method in the following.

Let us introduce a scalar NG superfield φ_0(x^m, θ_2). As will be shown, φ_0 coincides with ρ_0 at the lowest order in κ. Then, define a spinor superfield ψ_{0α}(x^m, θ_2) as ψ_{0α} ≡ − 1 2 D_{2α}φ_0 . (2.7)

This means that ψ_0 satisfies the following constraint.

D^2ψ_{0α} = −2i(γ^m_{(3)}∂_mψ_0)_α . (2.8)

Noticing that ψ_{0α} is the NG superfield for Q_1, we can write its Q_1-transformation law which preserves the constraint (2.8) and satisfies the SUSY algebra (2.1) as

δ^{Q1}_{ξ1} ψ_{0α} = κ^{−1}ξ_{1α} + κ 4 ξ_{1α}D^2Ξ − iκ 2 (γ^m_{(3)}ξ_1)_α∂_mΞ . (2.9)

Here Ξ is a scalar superfield and transforms under the Q_1 transformation as

δ^{Q1}_{ξ1} Ξ = 2κ^{−1}ξ_1ψ_0 = −κ^{−1}ξ_1D_2φ_0 . (2.10)

From eqs. (2.9) and (2.10), we can see that Ξ satisfies the following recursive equation. Ξ = ψ^2_0 1 +^{κ2}_4 D^2Ξ

. (2.11)

This equation can be solved and the solution is Ξ = 2ψ^2_0 1 + √ 1 + κ^2D^2(ψ^2_0 )

. (2.12)

From the transformation law (2.10), we can see that

S_{NG} = ∫ d^3xd^2θ_2 2Ξ (2.13)

is Q_1-invariant. So this is a good candidate for the effective action of the NG modes. The right-hand-side of eq. (2.13) is expanded by κ as

S_{NG} = ∫ d^3xd^2θ_2 { 1 2 (D_2φ_0)^2 + O(κ^2) } . (2.14)

This certainly is an action for a massless superfield. Actually, after eliminating the auxiliary field of φ_0, the bosonic part of S_{NG} becomes the Nambu-Goto action in the static gauge. (See appendix B.)

Now we define the quantity E ≡ 1 1 +^{κ2}_4 D^2Ξ

. (2.15)

– 4 –

Then the relation between ψ_{0α} and ζ_{0α} can be written by ζ_{0α} = ψ_{0α} E . (2.16) In fact, we can easily show that the right-hand-side of this equation transforms as ζ_{0α} in eq. (2.4) under the Q_1-SUSY.

From eq. (2.16), we can see that ψ_{0α} = ζ_{0α} + O(κ^2) . (2.17) This means that φ_0 = ρ_0 + O(κ^2) , (2.18) as mentioned before.

Using E defined by eq. (2.15), an invariant action for a matter field ϕ can be written in the form of S_{matter} = ∫ d^3xd^2θ_2 EF(ϕ, D_{2α}ϕ, D_mϕ, . . .) , (2.19) where F is a 3D Lorentz invariant function of ϕ and its covariant derivatives.

From eqs. (2.7) and (2.9), we can read off the Q_1-transformation law of φ_0 as δ^{Q1}_{ξ1} φ_0 = −2κ^{−1}ξ_1θ_2 + κξ_1D_2Ξ . (2.20) If we define a complex scalar superfield ϕ_0 ≡ κφ_0 + iκ^2Ξ . (2.21) Eqs. (2.10) and (2.20) are collectively written as^3 δ^{Q1}_{ξ1} ϕ_0 = −2ξ_1θ_2 − iξ_1D_2ϕ_0 . (2.22) The P_2-transformation law of ϕ_0 can be defined as δ^{P2}_a ϕ_0 = a . (2.23) Eqs. (2.22) and (2.23) form the SUSY algebra (2.1). 3. Mode-expansion approach Now we will discuss the mode-expansion approach to obtain the effective action on the BPS wall. Here we will consider the 4D N = 1 generalized Wess-Zumino model as a bulk theory. The action is S = ∫ d^4xd^2θd^2θ̄ K(Φ, Φ̄) + ∫ d^4xd^2θ W (Φ) + ∫ d^4xd^2θ̄ W̄ (Φ̄) , (3.1)

3By using ϕ0, we can construct a linear realization for partial SUSY breaking: 3D N = 2 → N = 1 [15].

– 5 – where Φ^i (Φ̄^ī) are (anti-) chiral superfields and

Φ^i(y, θ) = A^i(y) + √ 2θΨ^i(y) + θ^2F^i(y) (y^μ ≡ x^μ + iθσ^μθ̄) . (3.2)

We assume that this theory has a BPS domain wall A^i = A^i_{cl}(x_2). The classical solution A^i_{cl}(x_2) satisfies the following BPS equation.

∂_2A^i = e^{iδ}K^{ij̄}W̄¯_j , (3.3)

where ∂_2 ≡ ∂/∂x_2, and K^{ij̄} is an inverse matrix of the Kähler metric K_i¯_j ≡ ∂^2K/∂Φ^i∂Φ̄^{j̄} . Lower indices denote derivatives in terms of corresponding superfields. δ is a phase determined by A^i_{cl},

δ ≡ arg (∫ Γ dW ) , (3.4)

where Γ is an orbit for A^i_{cl}(x_2) on the target space of the scalar field.

Now we decompose the grassmannian coordinates θ and θ̄ as

θ^α = e^{iδ/2} √ 2 (θ^α_1 + iθ^α_2 ) , θ̄^{α̇} = e^{−iδ/2} √ 2 (θ^α_1 − iθ^α_2 ) , (3.5)

where θ^α_i (i = 1, 2) are 3D Majorana spinors, and corresponding to this, we decompose the supercharges as

Q_α = e^{−iδ/2} √ 2 (Q_{1α} − iQ_{2α}) , Q̄_{α̇} = −(Q_α)^∗ = − e^{iδ/2} √ 2 (Q_{1α} + iQ_{2α}) . (3.6)

Then it follows that θQ + θ̄Q̄ = θ_1Q_1 + θ_2Q_2 . (3.7)

In this case, Q_1 and Q_2 correspond to the broken and the unbroken supercharges, respectively. Under the decomposition (3.6), the 4D N = 1 SUSY algebra is rewritten as eq. (2.1).

After performing the integration in terms of θ_1, the original action (3.1) becomes [12] S = ∫ d^3xd^2θ_2dx_2 { K_i¯_j D^α_2 φ^iD_{2α}φ̄^{j̄} − 2iK_i∂_2φ^i + 4Im ( e^{−iδ}W (φ) )} . (3.8)

Here φ^i(x^m, x_2, θ_2) ≡ e^{ixmPm+ix2P2+θ2Q2} × A^i(0) , (3.9)

where the definition of the action of the generators on the fields × is given in appendix A.2, and its relation to the 4D chiral superfield Φ^i is

Φ^i(x^m, x_2 + θ_1θ_2, θ_1, θ_2) = e^{−iθ1D2+iθ21 ∂2} φ^i(x^m, x_2, θ_2) . (3.10)

Using φ^i, we can rewrite the superfield equations of motion − 1 4 D^2K_i + W_i = 0 , (3.11)

– 6 – as − i 2 { K_i¯_j D^2φ̄^{j̄} + K_i¯_j¯_kD^α_2 φ̄^{j̄} D_{2α}φ̄^{k̄} } − K_i¯_j∂_2φ^{j̄} + e^{−iδ}W_i = 0 . (3.12)

Then, the equations of motion for the fluctuation field φ̃^i around the background φ^i_{cl} = A^i_{cl}(x_2) can be obtained by substituting φ^i = φ^i_{cl} + φ̃^i into eq. (3.12). Using the BPS equation (3.3), it can be written as − 1 2 K_i¯_j(A_{cl})D^2 ¯φ̃^{j̄} + i { D_y ¯φ̃_i − e^{−iδ}D_iW_j(A_{cl})φ̃^j } + · · · = 0 , (3.13)

where the ellipsis denotes higher terms for φ̃, and

¯φ̃_i ≡ K_{ij̄} (A_{cl})¯φ̃^{j̄} , D_y ¯φ̃_i ≡ ∂_2 ¯φ̃_i − Γ^k_{ij}(A_{cl})∂_2A^j_{cl} ¯φ̃_k , D_iW_j ≡ W_{ij} − Γ^k_{ij}W_k . (3.14)

Here Γ^k_{ij} ≡ K^{kl̄}K_{ij}¯_l is a connection on the Kähler manifold.

From eq. (3.13), we can find the mode equation, i { D_yū_{(n)i} − e^{−iδ}D_iW_j(A_{cl})u^j_{(n)} } = m_{(n)}ū_{(n)i} , (3.15)

where ū_{(n)i} ≡ K_i¯_j(A_{cl})ū^{j̄}_{(n)}.

Using the mode function u^i_{(n)}(x_2), we can expand the 4D field φ^i as

φ^i(x^m, x_2, θ_2) = A^i_{cl}(x_2) + 1 √ 2 ∞∑ n=0 u^i_{(n)}(x_2)φ_{(n)}(x^m, θ_2) . (3.16)

Here we have chosen the normalization of u^i_{(n)}(x_2) as^4 ∫ dx_2 Re { ū_{(n)i}(x_2)u^i_{(m)}(x_2) } = δ_{nm} . (3.17)

By substituting eq. (3.16) into eq. (3.8) and performing the x_2-integration, the original 4D action (3.1) can be rewritten in terms of infinite 3D superfields as follows. S = ∫ d^3xd^2θ_2 [_∞ ∑ n=0 { 1 2 (D_2φ_{(n)})^2 + m_{(n)}φ^2_{(n)} } + (interaction terms) ] . (3.18)

Finally, by integrating out the heavy modes, we can derive the low-energy effective action on the domain wall.

4. Modified mode-expansion

4.1 Nambu-Goldstone mode

In the expression (3.18), the Q_2-SUSY is manifest since it is written in terms of superfields for the Q_2-SUSY. However, the nonlinear Q_1-SUSY is not unclear. In fact, the Q_1-transformation of each mode φ_{(n)} defined by the mode-expansion (3.16) does not close on φ_{(n)}.

4We have assumed eigenvalues m_{(n)} to be real. See [12, appendix C].

– 7 –

Considering eq. (3.16) and the Q_1-transformation of the 4D field φ^i, which is derived in appendix C, we can extract the Q_1-transformation law of φ_{(n)} as follows.

δ^{Q1}_{ξ1} φ_{(n)} = −2κ^{−1}ξ_1θ_2δ_{n,0} − 2ξ_1θ_2 ∑ m U_{nm}φ_{(m)} + ∑ m V_{nm}ξ_1D_2φ_{(m)} , (4.1)

where κ^{−2} ≡ ∫ dx_2 { K_i¯_j (A_{cl})∂_2A^i_{cl}∂_2Ā^{j̄}_{cl} + K^{ij̄} (A_{cl})W_i(A_{cl})W̄¯_j (Ā_{cl}) }

= 2 ∫ dx_2 K_i¯_j (A_{cl})∂_2A^i_{cl}∂_2Ā^{j̄}_{cl} (4.2)

is the tension of the domain wall, and U_{nm} ≡ ∫ dx_2 Re { ū_{(n)i}∂_2u^i_{(m)} } , V_{nm} ≡ ∫ dx_2 Im { ū_{(n)i}u^i_{(m)} } . (4.3)

Here we have used the fact that 1 √ 2 u^i_{(0)}(x_2) = κ∂_2A^i_{cl}(x_2) . (4.4)

We can derive the P_2-transformation law of φ_{(n)} in a similar way.

δ^{P2}_a φ_{(n)} = a ( κ^{−1}δ_{n,0} + ∑ m U_{nm}φ_{(m)} ) . (4.5)

As mentioned above, either transformation (4.1) or (4.5) does not close on each φ_{(n)}. Next, we will modify the mode-expansion (3.16) so that the broken symmetries Q_1 and P_2 are nonlinearly realized on each mode. Consider the following mode-expansion.

φ^i(x^m, x_2, θ_2) = A^i_{cl}(x_2 + ϕ_0) + 1 √ 2 ∑ n≠0 u^i_{(n)}(x_2 + ϕ_0)φ_{(n)}(x^m, θ_2) , (4.6)

where ϕ_0 is a complex scalar function of the NG mode φ_0. From this mode-expansion and eqs. (C.1) and (C.2) in appendix C, the transformation laws of ϕ_0 are read off as

δ^{Q1}_{ξ1} ϕ_0 = −2ξ_1θ_2 − iξ_1D_2ϕ_0 , δ^{P2}_a ϕ_0 = a . (4.7)

These coincide with eqs. (2.22) and (2.23). Therefore, ϕ_0 defined by the modified modeexpansion (4.6) can be identified with ϕ_0 in eq. (2.21) in the previous section.

Indeed, by substituting eq. (4.6) into eq. (3.8), dropping the massive modes φ_{(n)} (n ≠ 0), and carrying out the x_2-integration, we will reproduce the supersymmetric Nambu-Goto action eq. (2.13).

– 8 –

4.2 Matter action

Although the NG mode φ_0 is identified with that of the nonlinear realization in the modeexpansion (4.6), the Q_1-transformation law of the other modes φ_{(n)} (n ≠ 0) does not close on themselves. Then, in this subsection, we will further modify the mode-expansion so that φ_{(n)} (n ≠ 0) transforms in the standard nonlinear transformation under the Q_1-SUSY.

Before we proceed, let us comment on the validity of such modification. From the 3D viewpoint, the modification of mode-expansion from eq. (3.16) to eq. (4.6) corresponds to the redefinition of the superfield φ_{(n)}. Note that such field redefinition involves space-time derivatives. In fact, although the original theory (3.1) contains no derivative couplings, the resulting effective theory has derivative couplings. (See eq. (2.13) or (B.4).) Hence, this field redefinition induces a new cut-off scale into the theory, which is f ≡ κ^{−2/3}.

Naively thinking, the mass of the first excited mode is thought to be O(f), and thus all modes except the NG mode φ_0 in eq. (4.6) should be integrated out. However, there can be exist modes lighter than the cut-off scale f in some models. For example, the theory with K(Φ, Φ̄, X, X̄) = ΦΦ̄ + XX̄ , W (Φ, X) = Λ^2Φ − g 3 Φ^3 − hΦX^2 , (Λ, g, h > 0) (4.8)

has the following BPS domain wall.

A^Φ_{cl}(x_2) = Λ √ g tanh( √ gΛx_2) ,

A^X_{cl} (x_2) = 0 . (4.9)

In this case, the dynamical scale of the domain wall f is f = ( 8 3 √ g )_{1/3} Λ , (4.10)

and a “matter field” X contains modes with the mass eigenvalues [16, 17]

m_{(n)} = √ n ( 4h g − n ) √ gΛ , ( n = 0, 1, 2, . . . < 2h g ) . (4.11)

This means that in the case of g ≪ h < 1, which corresponds to the fat brane [18], there are many light modes which satisfy the condition m_{(n)} ≪ f. In the brane-world model-building, such light modes, especially the massless modes besides the NG mode, play important roles. Therefore, the further modification of the mode-expansion involving the “matter” modes φ_{(n)} (n ≠ 0) is a useful work.

The modified mode-expansion is

φ^i = A^i_{cl}(x_2 + ϕ_0) + 1 √ 2 ∑ n≠0 u^i_{(n)}(x_2 + ϕ_0)φ̃_{(n)}(x^m, θ_2) , (4.12)

– 9 – with

φ̃_{(n)} ≡ φ_{(n)} − iκζ_0D_2φ_{(n)} − κ^2ζ^α_0 D_{2α}ζ^β_0 D_{2β}φ_{(n)} + κ^2 4 ζ^2_0 D^2φ_{(n)} + O(κ^3) . (4.13)

Here ζ_0 is defined by eq. (2.16). In this case, each mode transforms under the broken symmetries as follows.

δ^{P2}_a φ_{(n)} = 0 , δ^{Q1}_{ξ1} φ_{(n)} = −iκξ_1γ^m_{(3)}ζ_0∂_mφ_{(n)} + O(κ^2) . (4.14)

These coincide with eqs. (2.3) and (2.4) up to O(κ).

In fact, by substituting eq. (4.12) into eq. (3.8), we can obtain the following lagrangian after somewhat tedious calculation.^5

L^{(3)} = ∫ d^2θ_22Ξ + ∫ d^2θ_2E [ ∑ n≠0 { 1 2 ( D_2φ_{(n)}

)_2 + m_{(n)}φ^2_{(n)} } + V (φ_{(n)}) + + κ ∑ n,m g_{(nm)}φ_{(m)} ( D^2ζ_0D_2φ_{(n)} + 2iD_2γ^m_{(3)}ζ_0D_mφ_{(n)} ) +

+ κD^α_2 ζ_{0α}U(φ_{(n)}) + κ^2 ( 1 2 D^α_2 ζ^β_0 D_{2α}ζ_{0β} + D^α_2 ζ^β_0 D_{2β} ζ_{0α} ) × × ( D_2φ_{(n)}

)_2

+ κ^2D^α_2 ζ^β_0 D_{2β} ζ_{0α}Ṽ (φ_{(n)}) ] + O(κ^3) , (4.15)

where E is defined by eq. (2.15), and g_{(nm)} ≡ ∫ dx_2 Im ( ū_{(n)i}u^i_{(m)} ) , V ≡ ∞∑ N=3 ∑ n_1,...,n_N { 4 ∫ dx_2 Im ( e^{−iδ} N! u^{i1}_{(n1)} · · · u^{iN}_{(nN )}W_{i1...iN} )} φ_{(n1)} · · · φ_{(nN )} , Ṽ ≡^∞ ∑ N=1 ∑ n_1,...,n_N { 4 ∫ dx_2Im ( e^{−iδ} N! u^{i1}_{(n1)} · · · u^{iN}_{(nN )}W_{i1...iN} )} φ_{(n1 )} · · · φ_{(nN )} ,

U ≡ ∞∑ N=2 ∑ n_1,...,n_N { 4 ∫ dx_2Re ( e^{−iδ} N! u^{i1}_{(n1)} · · · u^{iN}_{(nN )}W_{i1...iN} )} φ_{(n1)} · · · φ_{(nN )} . (4.16)

The above lagrangian certainly has an invariance under the Q_1-SUSY, which is nonlinearly realized. The first term is the supersymmetric Nambu-Goto lagrangian, and the remaining part corresponds to the matter lagrangian.

5. Broken Lorentz and U(1)_R symmetries

In the matter lagrangian in eq. (4.15), note that the NG mode φ_0 appears not only through E and D_2, but also in the form such as D^α_2 ζ_{0β}. This means that even if we know the lagrangian in the limit of κ → 0 in some way, we cannot reproduce the full

5For simplicity, we have assumed the minimal Kähler potential.

– 10 – lagrangian eq. (4.15) by using the method of the nonlinear realization. This stems from the fact that we did not respect the broken Lorentz symmetry and the U(1)_R symmetry in the modification of the mode-expansion (4.12) and (4.13).

In the nonlinear realization for space-time symmetries, if we take into account only the (super-)translational generators as generators of the whole bulk symmetry G, there will be an ambiguity of inserting a dimensionless tensor, such as κD^α_2 ζ_{0β} , into the G-invariant effective action [11]. For example, let us assume that the lagrangian at κ → 0 is^6

L^{(3)}_{κ→0} = ∫ d^2θ_2 ∑ n≠0 { 1 2 ( D_2φ_{(n)}

)_2 + m_{(n)}φ^2_{(n)} } + V (φ_{(n)}) . (5.1)

Then, the most general lagrangian that is P_2- and Q_1-invariant is written as

L^{(3)} = ∫ d^2θ_2 E [ ∑ n≠0 { 1 2 ( D_2φ_{(n)}

)_2 + m_{(n)}φ^2_{(n)} } + V (φ_{(n)}) +

+ F ( D^α_2 ζ_{0β}, D_mζ_{0α}, D^α_2 D^β_2 ζ_{0γ} , . . . ) ] , (5.2)

where F denotes 3D Lorentz-invariant terms that include at least one covariant derivative of ζ_0. Note that the above lagrangian has an ambiguity of adding terms including arbitrary numbers of κD^α_2 ζ_{0β} since such tensor is dimensionless. In fact, the second and the third lines in eq. (4.15) correspond to F in eq. (5.2), and cannot be determined by the nonlinear realization.

The above ambiguity already exists in the definition of φ̃_{(n)} in eq. (4.13). We may add terms, such as κD^α_2 ζ_{0α}φ_{(n)}, to the definition of φ̃_{(n)} since the resulting transformation laws of φ_{(n)} do not change. Such terms contribute to F in eq. (5.2).

In order to remove such ambiguity, we should take the full symmetry group G as

G_{max} = {P_m, P_2, Q_{1α}, Q_{2α}, M_{mn}, K_m, R} , (5.3)

which contains the maximal automorphism group of the 4D N = 1 SUSY algebra. Here M_{mn} and K_m ≡ M_{m2} denote the 4D Lorentz generators, and R is a generator of U(1)_R. In this case, the vacuum stability subgroup is

H_{max} = {P_m, Q_{2α}, M_{mn}} . (5.4)

The algebra among these generators is listed in eq. (D.1) in appendix D.1.

The transformation laws of ϕ_0 in the nonlinear realization under the K- and Rtransformations can be defined by

δ^K_v ϕ_0 = v^m ( −x_m − ϕ_0∂_mϕ_0 + 1 2 θ_2γ_{(3)m}D_2ϕ_0 ) , (5.5)

δ^R_r ϕ_0 = r ( θ^2 + iθ_2D_2ϕ_0 ) , (5.6)

6In fact, such lagrangian can be calculated much easier than eq. (4.15) since eqs. (4.12) and (4.13) become very simple forms by dropping φ0 (and thus ζ0) from eq. (4.12).

– 11 – where v^m and r are transformation parameters. These form the SUSY algebra (D.1) together with eqs. (2.22) and (2.23).

From eq. (5.5),

δ^K_v Ξ = v^m { −κ∂_m (φ_0Ξ) + i 2 κ^{−1}D^α_2 ( (γ_{(3)m}θ_2)_αφ_0 )} . (5.7)

This is a total derivative and thus the NG action S_{NG} in eq. (2.13) is invariant under the K-transformation.

For the U(1)_R symmetry, on the other hand, we can see from eq. (5.6),

δ^R_r Ξ = κ^{−1}rθ_2D_2φ_0 . (5.8)

This means δ^R_r S_{NG} = κ^{−1}r ∫ d^3x2f_0 , (5.9)

where f_0 is the auxiliary field of φ_0. So S_{NG} does not have the off-shell U(1)_R symmetry. However, considering the fact that f_0 = 0 on shell as mentioned in appendix B, we can see that S_{NG} is R-invariant on shell.

As a result, S_{NG} obtained in the nonlinear realization is invariant under the full G_{max} symmetry.

On the other hand, the NG action obtained by the mode-expansion (4.12) does not have an invariance under the broken Lorentz symmetry. Although it has the same form as eq. (2.13), the K-transformation of ϕ_0 does not coincide with eq. (5.5). Unlike the nonlinear realization, the transformation laws of each mode are determined from those of the bulk theory in the mode-expansion approach. The K-transformation law of φ^i is listed in eq. (C.3) in appendix C. Due to the explicit appearance of x_2 in eq. (C.3), the K-transformation of ϕ_0 does not close on ϕ_0.

Now we will try to modify the mode-expansion (4.12) further, so that ϕ_0 transforms properly under all broken symmetries G_{max}/H_{max}.

We propose the following mode-expansion.

φ^i(x^m, x_2, θ_2) = A^i_{cl}(x̂_2) + 1 √ 2 ∑ n≠0 u^i_{(n)}(x̂_2)φ̃_{(n)}(x̂^m, θ_2) , (5.10)

where

x̂^m ≡ x^m − x_2∂^mϕ_0 − κ^2 2 ∂^m(φ^2_0) + κ^2 2 x_2∂^m(∂^nφ_0∂_nφ_0) + O(κ^3) ,

x̂_2 ≡ x_2 + ϕ_0 − κ^2 2 x_2∂^nφ_0∂_nφ_0 + O(κ^3) , (5.11)

and φ̃_{(n)} is the one defined in eq. (4.13).

With this mode-expansion and eq. (C.3), we can derive the K-transformation of each mode.

δ^K_v ϕ_0 = v^m ( −x_m + 1 2 θ_2γ_{(3)m}D_2ϕ_0 ) + O(κ^2) , (5.12)

δ^K_v φ̃_{(n)} = v^m ( −ϕ_0∂_mφ̃_{(n)} + 1 2 θ_2γ_{(3)m}D_2φ̃_{(n)} ) + O(κ^2) . (5.13)

– 12 – eq. (5.12) coincides with eq. (5.5) up to O(κ). Considering the definition of φ̃_{(n)} in eq. (4.13), eq. (5.13) is translated into

δ^K_v φ_{(n)} = v^m { −κφ_0∂_mφ_{(n)} + κ 2 ζ_0γ_{(3)m}θ_2∂_mφ_{(n)} + i 2 κζ_0γ_{(3)m}D_2φ_{(n)} } + O(κ^2) . (5.14)

Noticing that φ_0 = ρ_0 + O(κ^2), this coincides with the standard nonlinear transformation eq. (D.5) in appendix D.2.

In a similar way, we can derive the transformation laws for other symmetries. For the broken SUSY, we obtain

δ^{Q1}_{ξ1} ϕ_0 = −2ξ_1θ_2 − iξ_1D_2ϕ_0 + O(κ^2) , δ^{Q1}_{ξ1} φ_{(n)} = −iκξ_1γ^m_{(3)}ζ_0∂_mφ_{(n)} + O(κ^2) . (5.15)

For the U(1)_R symmetry, by using eq. (C.4) in appendix C, we obtain

δ^R_r ϕ_0 = r(θ^2 + iθ_2D_2ϕ_0) + O(κ^2) , δ^R_r φ_{(n)} = −iκrζ_0γ^m_{(3)}θ_2∂_mφ_{(n)} − κrζ_0D_2φ_{(n)} + O(κ^2) . (5.16)

Thus, ϕ_0 transforms in the desired way in the case of our modified mode-expan-sion (5.10) and (5.11). Note that eqs. (5.15) and (5.16) are the standard nonlinear transformations, which are listed in eq. (D.4) and (D.6) in appendix D.2. Therefore, the modified mode-expansion (5.10) and (5.11) defines modes on which all the broken symmetries are nonlinearly realized at least up to O(κ).

6. Summary and discussion

There are mainly two different approaches to derive the low-energy effective theory in the background of a BPS domain wall. Each approach has its own advantages and disadvantages.

The first one is the nonlinear realization approach. We can construct an effective action on the wall that is invariant under both the broken and the unbroken SUSYs by using the nonlinear realization technique. This approach is useful when we discuss the general properties of BPS brane-like objects, such as BPS walls or supermembranes. However, in this approach, we neglect the wall width and cannot discuss the specific wall profile. Namely, we cannot determine parameters of the effective theory by this approach.

The second one is the mode-expansion approach. In this approach, we start directly from the bulk theory. So we need to specify the bulk theory and thus the results are model-dependent. Since we explicitly derive the effective theory from the bulk theory, the relation between the bulk 4D superfields and the 3D superfields in the effective theory is clear in this approach. On the other hand, SUSY broken by the wall is not respected since its transformation of each mode does not close on itself.

Therefore, it is very useful and instructive to clarify the relation between the above two approaches.

– 13 –

In this paper, we proposed a modified mode-expansion so that the broken SUSY is nonlinearly realized on each mode. Indeed, our mode-expansion leads to a supersymmetric Nambu-Goto action for the NG mode, and to a matter action with a form expected from the nonlinear realization for the other modes. In particular, the NG mode φ_0 defined by our mode-expansion can be identified with that of the nonlinear realization for all orders in κ. For the other modes, their transformation law under the broken SUSY coincides with the standard nonlinear transformation up to O(κ).

Note that our modification of the mode-expansion corresponds to the redefinition of the 3D superfields. This field redefinition involves space-time derivatives and the scale f ≡ κ^{−2/3}. So the cut-off scale of the effective theory becomes f after the field redefinition.

We also showed that it is possible to modify the mode-expansion so that each mode transforms in the standard nonlinear transformation under not only the broken SUSY but also the broken Lorentz and U(1)_R symmetries at least up to O(κ). However, whether the extension to higher orders in κ is possible is not clear to us.

In this paper, we have discussed the BPS domain wall. When we construct a realistic brane-world model in a SUSY theory, we must consider the SUSY breaking mechanism. One of the simplest mechanism of SUSY breaking is the coexistence of the BPS and anti- BPS walls [16]. In such a case, each domain wall preserves an opposite half of the bulk SUSY, and all of the supersymmetries are broken in the whole system. In the thin wall limit, this corresponds to the one called the pseudo-supersymmetry [19]. The author of ref. [19] derives the effective theory of the brane-antibrane system by using the nonlinear realization technique. In this case, the SUSY breaking effects are induced at loop level because tree-level couplings between the branes are absent. For the wall-antiwall system with a finite wall-width, on the other hand, SUSY breaking appears at tree level although its effects are exponentially suppressed for the distance between the walls [16]. To discuss the phenomenological arguments, it is useful to describe the effective theory on the wall in terms of the superfields and the SUSY breaking terms. Combining the method in Ref.[19] and the result of this paper, we can derive the effective theory in the wall-antiwall system in terms of the 3D superfields and the SUSY breaking terms. This work is now in progress.

Acknowledgments

The author thanks the Yukawa Institute for Theoretical Physics at Kyoto University, where this work was initiated during the YITP-W-99-99 on “Extra dimensions and Braneworld”. The author also thanks Koji Hashimoto for useful discussion.

A. Notations

Basically, we follow the notations of ref. [20] for the 4D bulk theory. The notations for the 3D theories are as follows.

We take the space-time metric as

η^{mn} = diag(−1, +1, +1) . (A.1)

– 14 –

The 3D γ-matrices, (γ^m_{(3)})^β_α , can be written by the Pauli matrices as γ^0_{(3)} = σ^2 , γ^1_{(3)} = −iσ^3 , γ^3_{(3)} = iσ^1 , (A.2) and these satisfy the 3D Clifford algebra, { γ^m_{(3)}, γ^n_{(3)} } = −2η^{mn} . (A.3) The spinor indices are raised and lowered by multiplying σ^2 from the left. ψ_α = (σ^2)_{αβ} ψ^β , ψ^α = (σ^2)^{αβ} ψ_β . (A.4) We take the following convention of the contraction of spinor indices. ψ_1ψ_2 ≡ ψ^α_1 ψ_{2α} = (σ^2)_{αβ} ψ^α_1 ψ^β_2 = ψ_2ψ_1 . (A.5) A.1 Covariant derivatives The algebra of the 3D N = 1 SUSY preserved by the wall is {Q_{2α}, Q_{2β}} = 2(γ^m_{(3)}σ^2)_{αβ} P_m . (A.6) The representation of the generators on the 3D N = 1 superspace (x^m, θ_2) is P̂_m = −i∂_m , Q̂_{2α} = ∂_{2α} + i(γ^m_{(3)}θ_2)_α∂_m . (A.7) The SUSY covariant derivative for θ_2 is D_{2α} ≡ ∂_{2α} − i(γ^m_{(3)}θ_2)_α∂_m . (A.8) We list the covariant derivatives for superspace coordinates in the presence of the NG superfields as follows. They can be obtained by calculating the Cartan one-form Ω^{−1}dΩ where Ω is defined in eq. (2.2). D_mρ_0 = (ω^{−1})^n_m∂_nρ_0 = ∂_mρ_0 + O(κ^2) , D_{2α}ρ_0 = D_{2α}ρ_0 + 2ζ_{0α} − iκ^2D_{2α}ζ_0γ^m_{(3)}ζ_0(ω^{−1})^n_m∂_nρ_0 , D_mζ_{0β} = (ω^{−1})^n_m∂_nζ_{0β} = ∂_mζ_{0β} + O(κ^2), D_{2α}ζ_{0β} = D_{2α}ζ_{0β} − iκ^2D_{2α}ζ_0γ^m_{(3)}ζ_0(ω^{−1})^n_m∂_nζ_{0β} , D_mϕ = (ω^{−1})^n_m∂_nϕ = ∂_mϕ + O(κ^2) , D_{2α}ϕ = D_{2α}ϕ − iκ^2D_{2α}ζ_0γ^m_{(3)}ζ_0(ω^{−1})^n_m∂_nϕ , (A.9) where ϕ denotes a matter field, and ω^n_m ≡ δ^n_m + iκ^2∂_mζ_0γ^n_{(3)}ζ_0 . (A.10)

– 15 –

A.2 Action of the generators on the fields The SUSY transformation δ^Q_ξ of a chiral supermultiplet (A, Ψ^α, F ) is defined by δ^Q_ξ A = √ 2ξΨ , δ^Q_ξ Ψ_α = i √ 2(σ^μξ̄)_α∂_μA + √ 2ξ_αF , δ^Q_ξ F = i √ 2ξ̄σ̄^μ∂_μΨ . (A.11) We define an action of the generators P_μ, Q_α and Q̄^{α̇} on the fields ϕ = A, Ψ^α, F as P_μ × ϕ ≡ −i∂_μϕ , (ξQ + ξ̄Q̄) × ϕ ≡ δ^Q_ξ ϕ . (A.12) Under the above definition, the chiral superfield Φ can be written as Φ(x, θ, θ̄) = e^{ixμPμ+θQ+θ̄Q̄} × A(0) . (A.13) There is a useful formula that converts covariant derivatives D_M into the corresponding generators Γ_M .

D_M e^{iXN ΓN} = e^{iXN ΓN} Γ_M , (A.14) where X^M are coordinates for Γ_M .

For the SUSY generator Q_2, for instance, D_{2α}e^{ixmPm+θ2Q2} = e^{ixmPm+θ2Q2} Q_{2α} . (A.15) Using this formula, we can rewrite the chiral condition for Φ as follows. D̄_{α̇}Φ = D̄_{α̇}e^{θQ+θ̄Q̄} × A(x) = e^{θQ+θ̄Q̄}Q̄_{α̇} × A(x) = 0 . (A.16) Then, Q̄_{α̇} × A(x) = −e^{iδ/2}√ 2 (Q_{1α} + iQ_{2α}) × A(x) = 0 . (A.17) Namely, Q_{1α} × A = −iQ_{2α} × A . (A.18)

B. Bosonic part of S_{NG} Here we will provide a brief derivation of the Nambu-Goto action from the effective action S_{NG} defined in eq. (2.13). We denote the component fields of φ_0 as φ_0 = a_0 + θ_2η_0 + 1 2 θ_2f_0 . (B.1) In order to concentrate on the bosonic part of S_{NG}, we will neglect the fermionic component η_0 in the following. Then, ψ^2_0 |_{bosonic} = 1 4 θ^2(f^2_0 − ∂^ma_0∂_ma_0) , (B.2)

– 16 – and D^2 (ψ^2_0 )|_{bosonic} = −f^2_0 + ∂^ma_0∂_ma_0 . (B.3)

Therefore, the auxiliary field f_0 enters in S_{NG} only in a bilinear way. This means that an equation of motion for f_0 is f_0=0. Hence, after the elimination of f_0, the bosonic part of S_{NG} becomes

S^{on-shell}

NG bosonic = ∫ d^3x

−∂^ma_0∂_ma_0 1 + √ 1 + κ^2∂^ma_0∂_ma_0 = ∫ d^3x κ^{−2} { 1 − √ 1 + κ^2∂^ma_0∂_ma_0 } . (B.4)

This is the Nambu-Goto action in the static gauge, as expected.

C. Transformation of φ^i under the broken symmetries

The transformation laws of φ^i for the broken symmetries are obtained from the definition of φ^i in eq. (3.9) and the SUSY algebra (2.1).

For example, for the Q_1-transformation,

δ^{Q1}_{ξ1} φ^i = ξ_1Q_1 × φ^i = ξ_1Q_1e^{ixmPm+ix2P2+θ2Q2} × A^i(0) = e^{ixmPm+ix2P2+θ2Q2} (−2iξ_1θ_2P_2 + ξ_1Q_1) × A^i(0) = e^{ixmPm+ix2P2+θ2Q2} (−2iξ_1θ_2P_2 − iξ_1Q_2) × A^i(0) = (−2ξ_1θ_2∂_2 − iξ_1D_2)φ^i . (C.1)

Here we have used the chiral condition eq. (A.18) and the formula eq. (A.14).

Similarly, for the P_2-transformation,

δ^{P2}_a φ^i = iaP_2 × φ^i = a∂_2φ^i . (C.2)

For the broken Lorentz transformation,

δ^K_v φ^i = iv^mK_m × φ^i = v^m { x_2∂_mφ^i − x_m∂_2φ^i + 1 2 θ_2γ_{(3)m}D_2φ^i } . (C.3)

For the U(1)_R transformation, δ^R_r φ^i = irR × φ^i = r { θ^2∂_2φ^i + iθ_2D_2φ^i } . (C.4)

D. In the case of G = G_{max}

Here we collect the main results of the nonlinear realization in the case that the full symmetry group G is taken to be G_{max} = {P_m, P_2, Q_{1α}, Q_{2α}, M_{mn}, K_m, R}. The vacuum stability subgroup is H_{max} = {P_m, Q_{2α}, M_{mn}} in this case.

– 17 –

D.1 Super-Poincaré algebra The 3D N = 2 super-Poincaré algebra with central extension is as follows.

{Q_{1α}, Q_{1β} } = {Q_{2α}, Q_{2β} } = 2(γ^m_{(3)}σ^2)_{αβ} P_m , {Q_{1α}, Q_{2β} } = −{Q_{2α}, Q_{1β}} = 2i(σ^2)_{αβ} P_2 , [M_{mn}, Q_{1α}] = −i ( γ_{(3)mn}Q_1 ) α , [M_{mn}, Q_{2α}] = −i ( γ_{(3)mn}Q_2 ) α , [K_m, Q_{1α}] = − 1 2 ( γ_{(3)m}Q_2 ) α , [K_m, Q_{2α}] = 1 2 ( γ_{(3)m}Q_1 ) α , [R, Q_{1α}] = −iQ_{2α} , [R, Q_{2α}] = iQ_{1α} , [M_{mn}, P_l] = i(η_{lm}P_n − η_{ln}P_m) , [M_{mn}, P_2] = 0 , [K_m, P_n] = iη_{mn}P_2 , [K_m, P_2] = −iP_m , [M_{mn}, M_{lp}] = i(η_{ml}M_{np} − η_{nl}M_{mp} − η_{pn}M_{lm} + η_{pm}M_{ln}) , [M_{mn}, K_l] = i(η_{ml}K_n − η_{nl}K_m) , [K_m, K_n] = iM_{mn} . (D.1) D.2 Standard nonlinear transformations A coset element Ω̂ can be parameterized as Ω̂ = e^{ixmP}m^{+θ}2^Q2 e^{iρ}0^P2^{+ζ}0^Q1 e^{iλm}0^Km^{+iσ}0^R , (D.2) where ρ_0, ζ_{0α}, λ^m_0 and σ_0 are the NG superfields for the corresponding generators.

The transformation laws of each superfield are obtained by multiplying Ω̂ by corresponding group elements from the left.

For P_2-transformation, δ^{P2}_a ρ_0 = κ^{−1}a , δ^{P2}_a ζ_{0α} = δ^{P2}_a λ^m_0 = δ^{P2}_a σ_0 = δ^{P2}_a ϕ = 0 . (D.3) For the broken SUSY, δ^{Q1}_{ξ1} ρ_0 = −2κ^{−1}ξ_1θ_2 − iκξ_1γ^m_{(3)}ζ_0∂_mρ_0 , δ^{Q1}_{ξ1} ζ_{0α} = κ^{−1}ξ_{1α} − iκξ_1γ^m_{(3)}ζ_0∂_mζ_{0α} , δ^{Q1}_{ξ1} λ^m_0 = = −iκξ_1γ^n_{(3)}ζ_0∂_nλ^m_0 , δ^{Q1}_{ξ1} σ_0 = = −iκξ_1γ^m_{(3)}ζ_0∂_mσ_0 , δ^{Q1}_{ξ1} ϕ = = −iκξ_1γ^m_{(3)}ζ_0∂_mϕ . (D.4) For the broken Lorentz symmetry,

δ^K_v ρ_0 = −κ^{−1}v^mx_m + O(κ) , δ^K_v ζ_{0α} = − i 2 κ^{−1}v^m ( γ_{(3)m}θ_2 ) α + O(κ) , δ^K_v λ^m_0 = κ^{−1}v^m + O(κ) , δ^K_v σ_0 = O(κ) , δ^K_v ϕ = κv^m {( −ρ_0 + 1 2 ζ_0γ^n_{(3)}γ_{(3)m}θ_2 ) ∂_nϕ + i 2 ζ_0γ_{(3)m}D_2ϕ } . (D.5)

– 18 –

For the U(1)_R symmetry,

δ^R_r ρ_0 = r { κ^{−1}θ^2 − κζ^2_0 − iκζ_0γ^m_{(3)}θ_2∂_mρ_0 − κζ_0D_2ρ_0 } , δ^R_r ζ_{0α} = r { −κ^{−1}θ_{2α} − iκζ_0γ^m_{(3)}θ_2∂_mζ_{0α} − κζ_0D_2ζ_{0α} } , δ^R_r λ^m_0 = r { −iκζ_0γ^n_{(3)}θ_2∂_nλ^m_0 − κζ_0D_2λ^m_0 } , δ^R_r σ_0 = r { κ^{−1} − iκζ_0γ^m_{(3)}θ_2∂_mσ_0 − κζ_0D_2σ_0 } , δ^R_r ϕ = r { −iκζ_0γ^m_{(3)}θ_2∂_mϕ − κζ_0D_2ϕ } . (D.6)

Here, a, ξ_{1α}, v^m and r are transformation parameters, and ϕ denotes a matter field.

D.3 Inverse Higgs effect

The NG superfields introduced in eq. (D.2) are not independent. The relation between them are obtained by the following covariant constraints [13, 21].

D̂_{2α}ρ_0 = 0 , D̂_{2α}ζ^β_0 = 0 , D̂_mρ_0 = 0 . (D.7)

Here D̂_m and D̂_{2α} are covariant derivatives in the presence of the NG superfields, which are derived from the Cartan one-form Ω̂^{−1}dΩ̂.

Solving these constraints, we can express all NG superfields in terms of a single superfield ρ_0.

ζ_{0α} = − 1 2 D_{2α}ρ_0 + O(κ^2) ,

λ^m_0 = iD_2γ^m_{(3)}ζ_0 + O(κ^2) = −∂^mρ_0 + O(κ^2) ,

σ_0 = 1 2 D^α_2 ζ_{0α} + O(κ^2) = − 1 4 D^2 ρ_0 + O(κ^2) . (D.8)

References

[1] E.B. Bogomol’nyi, Stability of classical solutions, Sov. J. Nucl. Phys. 24 (1976) 449;

M.K. Prasad and C.M. Sommerfield, An exact classical solution for the’t Hooft monopole and the Julia-Zee dyon, Phys. Rev. Lett. 35 (1975) 760.

[2] G.R. Dvali and M.A. Shifman, Dynamical compactification as a mechanism of spontaneous supersymmetry breaking, Nucl. Phys. B 504 (1997) 127 [hep-th/9611213]; Domain walls in strongly coupled theories, Phys. Lett. B 396 (1997) 64 [hep-th/9612128], erratum ibid. B 407 (1997) 452.

[3] B. Chibisov and M.A. Shifman, BPS-saturated walls in supersymmetric theories, Phys. Rev.

D 56 (1997) 7990 [hep-th/9706141], erratum ibid. D58 (1998) 109901.

[4] G. Gabadadze and M.A. Shifman, D-walls and junctions in supersymmetric gluodynamics in the large-N limit suggest the existence of heavy hadrons, Phys. Rev. D 61 (2000) 075014 [hep-th/9910050].

– 19 –

[5] X. Hou, A. Losev and M.A. Shifman, BPS saturated solitons in N = 2 two-dimensional theories on R × S (domain walls in theories with compactified dimensions), Phys. Rev. D 61 (2000) 085005 [hep-th/9910071];

D. Binosi, M.A. Shifman and T. ter Veldhuis, Leaving the BPS bound: tunneling of classically saturated solitons, Phys. Rev. D 63 (2001) 025006 [hep-th/0006026].

[6] M. Naganuma and M. Nitta, BPS domain walls in models with flat directions, Prog. Theor.

Phys. 105 (2001) 501 [hep-th/0007184];

M. Naganuma, M. Nitta and N. Sakai, BPS walls and junctions in SUSY nonlinear sigma models, Phys. Rev. D 65 (2002) 045016 [hep-th/0108179].

[7] V.A. Rubakov and M.E. Shaposhnikov, Phys. Lett. B 496 (1983) 136;

K. Akama, in Proc. Int. Symp. on Gauge Theory and Gravitation, Kikkawa et al. eds., 1983, p. 267.

[8] N. Arkani-Hamed, S. Dimopoulos and G.R. Dvali, The hierarchy problem and new dimensions at a millimeter, Phys. Lett. B 429 (1998) 263 [hep-ph/9803315]; I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G.R. Dvali, New dimensions at a millimeter to a Fermi and superstrings at a TeV, Phys. Lett. B 436 (1998) 257 [hep-ph/9804398].

[9] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys.

Rev. Lett. 83 (1999) 3370 [hep-ph/9905221]; An alternative to compactification, Phys. Rev. Lett. 83 (1999) 4690 [hep-th/9906064].

[10] E. Ivanov and S. Krivonos, N = 1 D = 4 supermembrane in the coset approach, Phys. Lett. B 453 (1999) 237 [hep-th/9901003].

[11] J. Bagger and A. Galperin, Matter couplings in partially broken extended supersymmetry, Phys. Lett. B 336 (1994) 25 [hep-th/9406217].

[12] Y. Sakamura, Superfield description of effective theories on BPS domain walls, Nucl. Phys. B 656 (2003) 132 [hep-th/0207159].

[13] E.A. Ivanov and V.I. Ogievetsky, The inverse Higgs phenomenon in nonlinear realizations, Teor. Mat. Fiz. 25 (1975) 164.

[14] J. Bagger and A. Galperin, A new goldstone multiplet for partially broken supersymmetry, Phys. Rev. D 55 (1997) 1091 [hep-th/9608177].

[15] E. Ivanov, Superbranes and super Born-Infeld theories as nonlinear realizations, Theor. Math.

Phys. 129 (2001) 1543 [hep-th/0105210].

[16] N. Maru, N. Sakai, Y. Sakamura and R. Sugisaka, SUSY breaking by overlap of wave functions in coexisting walls, Phys. Lett. B 496 (2000) 98 [hep-th/0009023]; Simple SUSY breaking mechanism by coexisting walls, Nucl. Phys. B 616 (2001) 47 [hep-th/0107204].

[17] J. Hisano and N. Okada, On effective theory of brane world with small tension, Phys. Rev. D 61 (2000) 106003 [hep-ph/9909555].

[18] N. Arkani-Hamed and M. Schmaltz, Hierarchies without symmetries from extra dimensions, Phys. Rev. D 61 (2000) 033005 [hep-ph/9903417];

D.E. Kaplan and T.M.P. Tait, Supersymmetry breaking, fermion masses and a small extra dimension, J. High Energy Phys. 06 (2000) 020 [hep-ph/0004200].

– 20 –

[19] M. Klein, Couplings in pseudo-supersymmetry, Phys. Rev. D 66 (2002) 055009 [hep-th/0205300]; Loop-effects in pseudo-supersymmetry, Phys. Rev. D 67 (2003) 045021 [hep-th/0209206].

[20] J. Wess and J. Bagger, Supersymmetry and supergravity, 2nd ed., Princeton University Press, Princeton 1992.

[21] I. Low and A.V. Manohar, Spontaneously broken spacetime symmetries and Goldstone’s theorem, Phys. Rev. Lett. 88 (2002) 101602 [hep-th/0110285].

– 21 –